To address the issue of the lack of guidance in fitness-forservice codes [1], [2], for biaxial and triaxial effects on fracture, this paper expands on results presented at PVP 2014 [3] for a centre cracked plate by including the effect of plate length and then presents results for single edge and double edge cracked plates. The results demonstrate that load biaxiality can have a significant effect on the limit load and the crack driving force; reducing the limit load and increasing the crack driving force relative to that for uniaxial loading for negative biaxiality and high positive biaxiality but increasing the limit load and reducing the crack driving force for some intermediate levels close to equibiaxial loading.
INTRODUCTION
There is little guidance in fitness-for-service codes and standards such as R6 [1] and BS 7910 [2] for dealing with biaxial and triaxial loading. Historically there has been research into biaxial loading effects on limit load, crack driving force and fracture toughness using plates, cylinders and cruciform specimens. Most of this research focuses on just the effect of adding a biaxial load and limits this additional loading to around half or 0.6 times the principal load and to equibiaxial loading. Østby and Hellesvik [4] examined the effects of adding internal pressure, finding that adding a biaxial load increases the crack driving force, decreases the strain capacity but has little effect on ductile crack growth resistance. Very few studies have systematically looked at the influence of the level of biaxial loading in terms of the ratio of additional biaxial load to the principal load on failure. O'Dowd et al. [5] examined J and Q for centre cracked plates and normalised by a limit load dependent on biaxiality, within a range of biaxial load ratio from 0 to 1. Meek & Ainsworth [3] , [6] , determined the effect of a wide range of biaxial load ratios on the limit load of centre cracked plates. This paper summarises the results of the previous analyses, [3] and uses similar methods and methodology to assess the effects of biaxial load ratio on short centre cracked plates, double edge cracked plates and single edge cracked plates. 
NOMENCLATURE

FINITE ELEMENT ANALYSIS
In [3] , elastic-plastic plane strain finite element (FE) analyses were described for a centre cracked plate with a semiheight, H, equal to twice the semi-width, W. A wide range of biaxial load ratios, B, and semi-crack size ratios, a/W, were addressed. In this paper, the results of similar FE analyses are presented for shorter centre cracked plates, single edge cracked plates and double edge cracked plates. As the mesh details and FE analysis approach follows that in [3] , only analysis results are presented in this paper. Such results are primarily presented as numerical limit loads but some results for J solutions and deformation patterns are also presented. These observed patterns have been used to develop upper bound limit load solutions using simplified slip-line approaches, as in [3] . Figure 1 and Figure 2 show the deformation patterns at the limit load applied in selected FE analyses for an elasticperfectly plastic centre cracked plate. In each case, the modelled quarter of the centre cracked plate has the crack going from the bottom left corner towards the right. The regions of intense plastic deformation can be seen to correspond to slip-lines going forward or backwards from the crack tip.
CENTRE CRACK PLATE LOWER BOUND LIMIT LOADS
The lower bound plane strain von Mises solution for long centre cracked plates was obtained in [3] by assuming a stress field such that the horizontal stress at failure throughout the plate is equal to σ₁ = Bσ₂ and the vertical stress is zero above the crack and σ₂/(1 -a/W) above the ligaments. The lower bound limit load thus obtained is given in equation (1)
It has been assumed that for a long plate, the stress field is able to redistribute the vertical stress such that the boundary conditions at the top and bottom surfaces of the plate are satisfied.
The assumption of this stress redistribution and the neglect of shear stress are not valid for short plates. A lower bound solution has been generated by assuming a shear stress above the crack increasing linearly with horizontal distance from 0 at the centre of the plate to aσ₂/H at the crack tip then, above the uncracked ligament, decreasing to 0 at the sides of the plate. The vertical stress is assumed to increase from 0 at the cracked mid-plane to σ₂ at the top and bottom surfaces, and above the ligament from σ₂/(1 -a/W) at the mid-plane to σ₂ at the top and bottom surfaces.
The lower bound limit load thus obtained is given in equation (2) .
Equation (2) reduces to equation (1) for long plates, i.e. when a/H → 0.
CENTRE CRACK PLATE UPPER BOUND LIMIT LOADS
The upper bound limit load solutions for long centre cracked plates [3] were found by assuming deformation patterns based on observed FE output (Figure 1 ), such that slip-lines intersect the sides of the plate and equating external work done by the applied forces with the energy dissipated along the slip-lines. The figure shows that the slip-lines travel forwards from the crack for lower values of B and then appear to change direction to reverse slip-lines once B > 1, all at angles of 45° to the horizontal. This is reflected in the two upper bound solutions in equation (3), where the theoretical change-over point is at B = 1/(1-(a/W) 2 ) > 1. 
Note that for lower values of B, the value of limit load given by the lower bound equation (1) is equal to that given by the upper bound equation (3) and thus this is an exact solution.
For short plates, the same procedure is followed but with the condition that the slip-lines intersect the top and bottom surfaces of the plate rather than the sides. The solution is more complex as the slip-lines are not at 45° to the horizontal. They do transition from forward to reverse as B increases; however they do so by getting steeper as B increases to 1, at which point the line is vertical, then the angle decreases again as B increases for the reverse slip line pattern. This can be seen in the FE output shown in Figure 2 . Details of the slipline analysis are omitted here but the result is given in equation (4) .
where
The lower and upper bound solutions of equations (1) to (4) are plotted, together with the FE output for short plates, in Figure 3 .
For the short plates, there is very good agreement between the FE output and the upper bound limit load solutions of equation (4) .
It can be seen clearly that the theoretical limit loads are lower for these short plates (in this case H/W = 0.5) than for the long plates (in this case H/W = 2) for a/W = 0.2 and for a/W = 0.6.
The 45° slip-lines meet the sides of the plate when H > (W -a), thus H = (W -a) defines the minimum value of H for which the long plate solution can be applicable. The value of H for which the slip-lines meet the top of the plate, defining a short plate, is more complex as it is dependent on the angle θ L which is itself dependent on H, W, a and B. Between these two values of H there are values of B for which the short plate solution of equation (4) gives a higher upper bound than the long plate solution in equation (3) . In these cases, the long plate solution, giving the minimum upper 
J SOLUTIONS FOR NON-LINEAR MATERIALS
Using the same centre cracked plate model as has been used for an elastic-perfectly plastic material, the normalised J (energy release rate) FE output has been plotted here for materials following a Ramberg-Osgood power law relationship, equation (5), with work hardening exponents n = 5 and n = 10.
Fixing the yield offset, ασ y /E, at 0.002, i.e. a proof strain of 0.2%, equation (5) can be written as
The values of J calculated for this model during loading have been normalised by the elastic value of J for the same applied loading and plotted against the applied load normalised by the finite element limit load ( Figure 4 ) for a centre cracked plate with crack width a/W=0.6.
For the power-law hardening materials, it can be seen that the near-elimination of biaxial effects after normalisation that is observed for an elastic-perfectly plastic material does not occur and that the influence of biaxiality seems to increase with decreasing n. The extent of the influence is shown in Figure 5 where the variable √(J e J ⁄ ), , which is essentially the ordinate of the failure assessment diagram (FAD) termed Option 3 in R6 [1] , is plotted at the limit load ratio (σ₂) L /σ y = 1. For n = 10, for values of biaxial load ratio B between B = 0 (uniaxial loading) and B = 3, the value of √(J e J ⁄ ) is greater than that of the uniaxial loading (B = 0) making the uniaxial FAD conservative when these levels of biaxial loading are applied. Outside these values, where B < 0 (compressive loading) and B > 3 (high biaxial tensile force), √(J e J ⁄ ) is less than that for uniaxial loading at the same normalised load level.
SINGLE AND DOUBLE EDGE CRACKED PLATE LIMIT LOAD ESTIMATES
Limit load solutions for double and single edge cracked plates have been estimated here by using the uniaxial limit load solutions in R6 [1] and applying the von Mises biaxial stress field method that was used to obtain lower bound limit load solutions for the centre cracked plates.
The R6 plane strain Mises solutions for normalised limit loads for double edge cracked and single edge cracked plates under uniaxial loading are of the form of equation (7). ⁄ , β = a/W and f(β) is a function of β which represents the limit load solutions, also given by Miller [7] .
The solutions found for this study from this approach are of the form of equation (8).
DOUBLE EDGE CRACKED PLATES
The limit load solution for a double edge cracked plate in R6 is reproduced here in equation (9).
)] for 0 ≤ β ≤ 0.884 2.57γ(1 − β) for 0.884 < < 1
i.e. for 0 ≤ a/W ≤ 0.884,
Thus an approximate lower bound solution for a double edge cracked plate with tensile stress σ₂ applied normal to the crack and a biaxial stress Bσ₂ (tensile or compressive) applied parallel to the crack is found by applying the formula in equation (8) 
Finite element analyses were carried out using the same basic quarter model used for the centre cracked plate but changing the boundary conditions and location of the symmetry plane to model a double edge cracked plate.
The maximum load values in the FE analyses are plotted together with values of σ₂ in equation (11) against biaxial ratio B for crack sizes a/W = 0.2 and a/W = 0.6 ( Figure 6 ). There is good agreement for both crack sizes between the limit loads estimated using equation (11) 
SINGLE EDGE CRACKED PLATES
The limit load solution for a single edge cracked plate in R6 is reproduced here in equation (12). Figure 7 shows that for a/W = 0.2 there is excellent agreement between the limit load values estimated using equation (13) and the FE output. However for a/W = 0.6 there is reasonable agreement when B < 1 but none at all above this value. There will be a maximum value of a/W, therefore, for which the solution is valid. Further work is ongoing to assess this value together with a more accurate method of determining the limit loads for single edge cracked plates with crack widths above this maximum value.
DISCUSSION
Short plate upper bound limit load solutions for a centre cracked plate found using slip-line analysis show excellent agreement with the FE limit loads, which validates their use for limit loads biaxial loading. Approximate lower bound limit load solutions for double and single edge cracked plates have been shown to be in excellent agreement with finite element solutions for many values of a/W and B, but further work is needed to provide solutions for values of B close to B = 1, equibiaxial loading, and for single edge cracked plates for crack widths above a/W = 0.2.
Slip-line analyses, using straight and circular slip-lines have been carried out for single and double edge cracked plates to provide upper bounds for the limit loads. The approach is similar to that performed for the centre cracked plates in [3] and details are omitted here for brevity. The results for the circular slip-line upper bound solution for a single edge cracked plate with a/W = 0.6 are included in Figure 7 and these are in very good agreement with FE results for a wide range of B.
Some J solutions for power-law hardening materials for centre cracked plates show that, in contrast to elastic-perfectly plastic material, where the influence of biaxial loading is mostly eliminated once normalisation by the limit load is used, [3] , the level of the biaxial loading can lead to an increase or decrease in the normalised crack driving force depending on the biaxiality, B.
Ongoing work will involve the analysis of biaxial fracture experiments to assess the extent to which the limit loads can be used for fracture analysis as well as limit analysis.
